We show that, for a sheet or a Lusztig stratum S containing spherical conjugacy classes in a connected reductive algebraic group G over an algebraically closed field in good characteristic, the orbit space S/G is isomorphic to the quotient of an affine subvariety of G modulo the action of a finite abelian 2-group. The affine subvariety is a closed subset of a Bruhat double coset and the abelian group is a finite subgroup of a maximal torus of G. We show that sheets of spherical conjugacy classes in a simple group are always smooth and we list which strata containing spherical classes are smooth.
Introduction
In [17] , it is shown that the orbit space of a sheet S of adjoint orbits in a complex Lie algebra has the structure of a geometric quotient which is isomorphic to an affine variety modulo the action of a finite group. The affine variety is the intersection of S with the Slodowy slice of a nilpotent element e in S, and the finite group is the component group of the centralizer of e. An algebraic proof of this result was obtained by Im Hof [15] , who proved that sheets in complex Lie algebras of classical type are all smooth, by showing that S is smoothly equivalent to its intersection with the Slodowy slice. In addition, Katsylo's quotient is isomorphic to the connected component of Alexeev-Brion invariant Hilbert scheme containing the closure of the nilpotent orbit G · e [16] . Katsylo's theorem has also been applied to the study of one-dimensional representations of finite W -algebras [18, 23] , which is related to the problem of determining the minimal dimensional modules for restricted Lie algebras. In this context, it has been shown in [24] that the space of 1-dimensional representations of the finite W -algebra associated with a nilpotent element e in a classical Lie algebra is isomorphic to an affine space if and only if e lies in a single sheet. The latter condition is equivalent to say that the union of the sheets passing through e is a smooth variety. Our goal is to provide an analogue of Katsylo's theorem for sheets of conjugacy classes in a reductive algebraic group G over an algebraically closed field of good characteristic. Since sheets are the irreducible components of the parts in Lusztig's partition [20] called strata, the theorem will give an analogue for strata as well. As strata should be seen as the group analogue of the union of sheets passing through a nilpotent element e, used in [24] , we expect that their geometry will have relevance in representation theory of quantum groups at the roots of unity.
We prove a Katsylo theorem in the case that the sheet (or stratum) in question contains (hence consists of) spherical conjugacy classes, that is, classes having a dense orbit for a Borel subgroup B of G. Strata, and therefore sheets, of conjugacy classes in a reductive algebraic group do not necessarily contain unipotent classes, so the analogue of Katsylo's theorem cannot be straightforward. A group analogue for Slodowy slices has been introduced in [25] . In analogy to Steinberg's cross section, these slices depend on a conjugacy class in the Weyl group W of G. The construction of these slices requires a suitable choice of positive roots in the root system of G which depends on the class of the element in W . Although the transversality result in [25] is stated in characteristic zero, the proof holds in arbitrary characteristic. When w ∈ W acts without fixed points, a section analogous to the one in [25] was given in [14] , which contains a generalization of Steinberg cross section theorem in this case.
To our aim, we exploit Sevostyanov's result together with the well-understood behaviour of spherical conjugacy classes with respect to the Bruhat decomposition. We replace the Slodowy slice by a suitable subset S w of a Bruhat double coset BwB, depending on the stratum, such that its intersection with each given sheet in the stratum coincides (up to conjugation) with the intersection of the sheet with Sevostyanov's slice. Since for spherical conjugacy classes the intersection with this double coset is precisely the dense B-orbit, we show that the intersection of S w with each conjugacy class is a single orbit for a finite 2-subgroup of a fixed maximal torus T .
Thanks to Sevostyanov's transversality result, a sheet S of spherical classes is smooth if and only if S ∩ S w is so, and similarly for strata. This result is applied in Section 4 where we obtain the second main result of this paper: sheets containing a spherical class in simple groups are all smooth. As a consequence, we classify smooth strata of spherical classes in simple groups.
Notation
Unless otherwise stated, G is a connected, reductive algebraic group over an algebraically closed field k of good characteristic, i.e., not bad for any simple component of [G, G] .
Let T be a fixed maximal torus of G and let Φ be the associated root system. The Weyl group of G will be denoted by W . The centralizer of an element x ∈ G in a subgroup H of G will be denoted by H x and its identity component will be denoted by H x• . Let G act regularly on an irreducible variety X. For n ≥ 0, we shall denote by X (n) the locally closed subset
A sheet for the action of G on X is an irreducible component of some X (n) . We will investigate the case in which X = G and the action is by conjugation. Let, for an element g ∈ G, g = su be its Jordan decomposition. It has been shown in [7] that for any sheet S there is a unique Jordan class
where s and u are as above and Ind is as in [21] . Sheets of conjugacy classes are the irreducible components of the parts, called strata, of a partition defined in [20] as fibers of a map involving Springer correspondence, [5] .
For a Borel subgroup B ⊃ T with unipotent radical U and a conjugacy class O (a sheet S, respectively) in G, let w O (w S , respectively) be the unique element in W such that O ∩ Bw O B is dense in O (S ∩ Bw S B is dense in S, respectively). If a sheet S contains a spherical conjugacy class then w S = w O for every O ⊂ S, [5, Proposition 5.3] . In addition, it follows from [5, Theorem 5.8 ] that w S is constant along strata containing spherical classes. The element w O is always an involution and it is maximum in its conjugacy class with respect to the Bruhat ordering ( [8, 6] ).
The conjugacy classes of w O and w S in W are independent of the choice of a Borel subgroup containing T . Thus, the map O → w O determines a map ϕ from the set of conjugacy classes in G to the set of conjugacy classes of involutions in W .
For w an involution in W , let T w := {t ∈ T | w(t) = t}, and
• and S w := T w ∩ T w is an elementary abelian 2-group. For any choice of a Borel subgroup B containing T with unipotent radical U, a longest element w 0 ∈ W is determined. We set
Spherical classes and Bruhat decomposition
In this Section we prove a Katsylo Theorem for sheets containing spherical conjugacy classes. We will make use of the following general results. 
2. the natural map µ : G × Σ → X is smooth and surjective.
Then, X/G exists and it is isomorphic to Σ/Γ.
Proof. Define the map ψ : X → Σ/Γ set theoretically sending an element x ∈ X to G · x ∩ Σ. We note that ψµ : G × Σ → Σ/Γ is the composition of the natural projection on the second factor followed by the projection to the quotient. Therefore Lemma 3.1 applies with A = G × Σ, B = X, C = Σ/Γ η = µ and θ = ψ, so ψ is a morphism. Since µ is surjective Σ meets all the G-orbits in X. The map ψ is universally submersive because its restriction to Σ is the canonical universal quotient map π which is universally submersive [22, Theorem 1.1]. We now prove that for any open subset
It is enough to prove it for V affine. For f a morphism, let f # be the map induced by f on regular functions. Note that
Letẇ be a representative of w ∈ W in N(T ) and let B be a Borel subgroup B containing T and with unipotent radical U. We define S w :=ẇT w U w .
Lemma 3.3
Let S be either a sheet or a stratum consisting of spherical conjugacy classes. Then S ∩ S w S is a closed subset of G.
Proof. We show that S ∩S w S = S ∩S w S . By the dimension formula in [2, 3, 19, 9, 5] we have
Let us briefly recall the construction of the closed subset Σ w of G defined in [25, p.1890 ], in the case in which w ∈ W is an involution. Let {v 1 , . . . , v r } be a basis of the (−1)-eigenspace of w in the real span h R of the co-roots in the Cartan subalgebra h and let Ψ = Φ ∩ h w R . Up to rescaling the v i 's by a positive real scalar, we can construct a set of positive roots Φ + satisfying the following rules: Φ + ∩ Ψ is defined freely. For i maximal satisfying (β, v i ) = 0, we have β ∈ Φ + if and only if β(v i ) > 0.
Since w(v i ) = −v i for every i, there holds Φ + \ Ψ = {α ∈ Φ + | w(α) ∈ −Φ + }. In other words, with respect to the constructed choice of positive roots, w has maximal possible length. In addition, w(Φ + \ Ψ) = (−Φ + ) \ Ψ. Let U be the subgroup generated by the root subgroups corresponding to roots in Φ + and let B := T U.
Let w be the unique representative of w such that wx α (1)w
, let L be the Levi subgroup of a parabolic subgroup of G containing T and with root system Ψ, and let P u be the unipotent radical of the parabolic subgroup of G containing all root subgroups associated with roots in
Sevostyanov's slice in this case is the closed subset
Lemma 3.4 Let w ∈ W with w 2 = 1 and letẇ be a representative in
Since the square map on (T w )
• is onto, there exists s ∈ (T w )
• such that s −2 = t w , whence the statement. 
Lemma 3.5 Let S be a stratum or a sheet containing a spherical conjugacy class
Proof. Let ∆ + be the set of simple roots associated with Φ + and let Π := ∆ + ∩h w . With respect to the given choice of Φ + the element w is of maximal length in ϕ(O). Hence, it is equal to w S with respect to the choice of B.
, we have w = w 0 w Π , for w Π the longest element in the parabolic subgroup W Π of W . Then L is the standard Levi subgroup of the standard parabolic subgroup P Π associated with Π; 
Remark 3.6
The results contained in [3] [10] .
Let, for an involution w ∈ W
Theorem 3.7 Let S be a stratum or a sheet containing a spherical conjugacy class
Proof. We apply Lemma 3.2 with X = S, Σ = S ∩ Σ w and Γ = Γ w . By Lemmata 3.3 and 3.5 the set Σ is affine and closed in S. The action of Γ w by conjugation preserves Σ w , hence it preserves Σ.
Let O be a conjugacy class in S.
• such that uvs 0 s 1 wt x u x = wt y u y uvs 0 s 1 . Since vs 0 s 1 w ∈ wT U, uniqueness of the Bruhat decomposition U w wT U forces Proof. If B = B, andẇ S = w as in the construction of Sevostyanov's slice, this is Theorem 3.7 in force of Lemma 3.5. Let us assume that ∆ + = ∆ and let σ ∈ W such that σ∆ = ∆ + . Then, w ′ S := σw S σ −1 is the maximum with respect to the Bruhat ordering determined by ∆ + , i.e., Bw
• , where w ′ S is the representative needed for Sevostyanov's construction. Up to multiplyingσ by a suitable element in (T w S )
• , we can make sure thatσẇ Sσ
, whence the statement follows from Theorem 3.7.
Smoothness of sheets of spherical classes
In this section we detect when S is smooth, for S a sheet or a stratum of spherical classes in a simple group G. By [7, Remark 3.4, Proposition 5.1] it is enough to consider a representative for each isogeny class of G. For G of classical type we will use the standard matrix groups. For G of exceptional type we shall always consider the simply-connected group. We will use the classification of spherical conjugacy classes in [4] , from which all we have adopted all unexplained notation.
Arguing as in [15] , see also [1, Proposition 3.9 (iii)], we conclude that S is smooth if and only if S ∩ S w is so. We analyze smoothness of the latter. In order to do so, we recall some information contained in [3, Lemmata 4.6, 4.7, 4.8] and Remark 3.6 about this intersection.
Let w S = w 0 w Π be the Weyl group element associated with S. Then w S (α) = α for every α ∈ Π. Letẇ S be a representative of w S such thatẇ S x α (ξ)ẇ −1 S = x α (ξ) for every ξ ∈ k and every α ∈ Φ Π . Let O be a class in S. Ifẇ S tv ∈ O∩ẇ S T U then v lies in V S := β∈Φ + , w S β=−β X β , where X β is the root subgroup associated with β. andẇ S t commutes with X α for every α ∈ ZΠ ∩ Φ. Therefore
We will make use of the following observation. We can state the main result of this Section. Proof. By Proposition 4.1 it is enough to look at sheets containing a semisimple, element whose connected centralizer os not semisimple. Their description follows from (2.1) and the classification in [2, 4] . For all root systems we will compute the set theoretical intersection of a sheet S with S w S and we will use the following remark.
Remark 4.3
The intersection of S ∩ S w S is reduced. This is proved through the following steps:
1. S is reduced. 4. G × (S w S ∩ S) is reduced implies that (S w S ∩ S) is reduced.
The map
G × (S w S ∩ S) → S
Type A n
Let us first consider H = GL n+1 (k). In this case sheets and strata coincide, spherical sheets are parametrized by m = 0, . . . , n+1 2
and they are as follows: where J m is the m × m matrix with 1 on the antidiagonal and 0 elsewhere. Theṅ
1 . The set theoretic intersection S m ∩ Sẇ S is then a union of (m − 1) disjoint irreducible components each isomorphic to the image of the morphism
Being a graph, this intersection is smooth for every field k and every m. By Remark 4.3, this intersection coincides with the scheme theoretic one. Let us now consider G = SL n (k). Set theoretically, every sheet of spherical classes S is contained in the intersection of some S m with G. If char(k) = p does not divide n + 1, then S ∩ S w S is contained in the image through f of the disjoint smooth curves C ±1 of equation a 2m b n+1−2m − ±1 = 0. By Remark 4.3, this set theoretic inclusion is scheme theoretic hence S ∩ S w S is smooth.
Let us now assume that p|n + 1. Then, for every m coprime with p, the argument above applies. If, instead, p|m then we still have the set-theoretical inclusion S ∩ S w S ⊂ f (C 1 ∪ C −1 ) but the curves C ±1 are not reduced. The reduced scheme of f (C 1 ∪ C −1 ) is smooth and the above argument applies.
Type B n
Let G = SO 2n+1 (k) with n ≥ 2. The non-trivial sheets of spherical conjugacy classes are given by S and S ′ , with
where O λ is the semisimple class with eigenvalues 1, λ, λ −1 with multiplicity 1, n, n respectively; O (3, 2) is the unipotent conjugacy class corresponding to the partition (3, 2 n−1 ), for n odd and (3, 2 n−2 , 1 2 ) for n even; the element ρ n is the isolated diagonal matrix diag(1, −I 2n ) and u is a representative of any unipotent conjugacy class in G ρn• ∼ = SO 2n (k) associated with the partition (2 n ) when n is even, and (2 n−1 , 1 2 ) when n is odd; and
where O λ,1 is the class of a semisimple matrix with eigenvalues 1, λ, λ −1 with multiplicity 2n − 1, 1, 1, respectively and O (3,1 2n−2 ) is the unipotent conjugacy class with associated partition (3, 1 2n−2 ).
We have S ∩ S ′ = ∅ unless n = 2, so the stratum containing S is not smooth for n = 2 whereas for n ≥ 3 the strata containing S and S 
, then
S w S =ẇ S T w S U consists of matrices of the form
Q is a unipotent upper triangular matrix in GL n (k), and M = (−1/2)v t v + A, where A is skew-symmetric. Now, if X lies in S then there exists λ ∈ k * such that rk(X − λI) ≤ n + 1. Assume first that X = X(E, M, Q, v) satisfies rk(X − λI) ≤ n + 1 for some λ = (−1)
n . Then we have
. Taking symmetric and skew-symmetric parts in (4.2) we obtain the following equations:
and
The diagonal terms in (4.2) give
Hence, if in addition λ = (−1) n+1 , then e i v 2 i = e 1 v 2 1 for every i. We fix, for i = 1, . . . , n, elements ζ i ∈ k such that ζ 2 i = e i and we set a λ := ζ 1 v 1 , so ϕ λ,n a 2 λ = (λ − λ −1 ). Therefore, for every j ≥ 1 there is η j = ±1, with η 1 = 1, such that ζ j v j = η j a λ . Thus, we have
Making use of (4.5) and (4.7), for 2 ≤ i < j ≤ n, the (i, j) entries of (4.3) and (4.4) give
So, for λ = ±1 and for every choice of η i , ζ i , the matrix Q is completely determined, the vector v depends linearly on a λ and M depends on a 2 λ , giving a dense subset of a line. Conversely, if λ = ±1, the condition rk(X − λI) ≤ n + 1 also implies that X is semisimple, and it ensures X ∈ S.
Let us now assume λ = (−1) n+1 . Then, (4.4) gives a ij = (−1) n+1 (Q −1 ) ij e j for every i < j. X lies in S only if rk(X − (−1) n+1 ) 2 = 1. Looking at the (2, 2)-block in this matrix we get rk(
Every row in N must be a multiple of the first one, which is nonzero. Thus, every row in the block (2, 2) must be a multiple of the (1, 2)-block. This gives e i v 
The condition that the principal minor of size 2 must be 0 gives a 2 = 8(−1) n , i.e., a satisfies condition (4.6) so (4.8) is verified also in this case. Thus, for the Jordan class J of diag(1, λI n , λ −1 I n ), the set-theoretical intersection J ∩ S w 0 is a disjoint union of 2 2n−1 copies of k * , given by the values of a λ , one for each choice of each e j 's and of the η j 's.
Let us now consider λ = (−1) n . Then X must satisfy the condition rk(X − (−1) n ) = n, which forces a λ = 0. Moreover, X lies in S only if rk(X −(−1) n ) = 1, which, combined with (4.4) gives the condition rk( t Q −1 E + EQ −1 ) ≤ 1, which yields (4.8) with a λ = 0. By the dimensional argument used in the proof of Lemma 3.3 for the G-conjugacy class of X shows that X ∈ S. Hence the set theoretical intersection S∩S w S is a disjoint union of 2 2n−1 copies of k. By Remark 4.3, this is also the scheme theoretic intersection so S is smooth.
Let us now consider S ′ . In this case w S ′ = s β s 1 = w 0 w Π for Π = {α 3 , . . . , α n } and β = ε 1 + ε 2 the highest long root. We chooseẇ By Remark 4.3 the variety S ′ ∩ S w S ′ is isomorphic to a disjoint union of 4 affine lines, one for each value of η and ǫ.
Type C n
Let us consider G = Sp 2n (k) with n ≥ 3. There are, up to a central element, two non-trivial sheets of spherical classes, ±S 1 and S 2 where
where O (λ,1) is the semisimple class with eigenvalues λ, λ −1 and 1, with multiplicity 1, 1, 2n − 2 respectively, O (2 2 ,1 2n−4 ) is the unipotent conjugacy class corresponding to the partition (2 2 , 1 2n−4 ), the element σ 1 is the isolated diagonal matrix diag(−1, I n−1 , −1, I n−1 ) and β = ε 1 + ε 2 is the highest root; and
where O λ is the semisimple class with eigenvalues λ ±1 and O (2 n ) is the unipotent conjugacy class corresponding to the partition (2 n ).
Since n > 2, we always have S 1 ∩ S 2 = S 2 ∩ (−S 1 ) = ∅, hence the strata containing these sheets are smooth if and only if the sheets are so.
The Weyl group element corresponding to S 1 is w −EV −EV X , where E = diag(ǫ 1 , . . . , ǫ n ), ǫ i = ±1 for every i, V is an upper triangular unipotent matrix, and X is a symmetric matrix.
If x(E, V, X) lies in S 2 , then there is a λ ∈ k * for which rk(x(E, V, X) − λI) = n. This forces λX + λ
A direct computation shows that this is possible only if V = I, so X = −2λ
If this is the case, x(E, I, −2λ −1 E) ∈ λO (2 n ) . Therefore, set theoretically, S 2 ∩ S w 0 is a disjoint union of affine lines with coordinate λ + λ −1 . We apply Remark 4.3.
Type D n
Let G = SO 2n (k), for n ≥ 4. It is convenient to separate the cases of n even and odd.
D n for n even
Let n = 2h. Let θ be a non-trivial graph automorphism of G. The only non-trivial sheets of spherical conjugacy classes are given by S, θ(S) and S ′ as follows:
where O n and O ′ n are the two distinct unipotent conjugacy class corresponding to the partition (2 n ) and
where O λ,1 is the class of a semisimple matrix with eigenvalues 1, λ, λ −1 with multiplicity 2n − 2, 1, 1, respectively and O (3,1 2n−3 ) is the unipotent conjugacy class with associated partition (3, 1 2n−3 ). The intersection of any pair of distinct sheets is trivial, and the stratum is smooth if and only if the sheets it contains are so.
It is enough to deal with S and S ′ . For the sheet S we have w S = s ε 1 +ε 2 s ε 3 +ε 4 · · · s ε n−1 +εn = w 0 w Π for Π = {α 1 , α 3 , . . . , α n−1 }. In this case θ(w S ) = w S . We choose the representativė
. . , J) and J = (
is the disjoint union of the sets of matrices of the form x(E, D) = ( 0 E E D ) with x i ∈ k for i = 1, . . . , h and or unipotent up to a sign. In addition, as w θ(S) = w S have the same length, and w θ(S) is maximal among the elements τ ∈ W such that θ(S) ∩ Bτ B = ∅, we see that O ∩ Bw S B = ∅ for every O ⊂ θ(S). Thus, any x(E, D) satisfying rk(x(E, D) − λI) = n lies in S. So, set theoretically, S ∩ S w S is a disjoint union of 2 h affine lines. We conclude as in the previous cases.
For the sheet S ′ we have w S ′ = s β s 1 = w 0 w Π for Π = {α 3 , . . . , α n } and
All elements satisfying this condition lie in S ′ . Indeed, the centralizer of the representatives of the classes in S ′ in O 2n (k) is not contained in SO 2n (k) so elements that are GL 2n (k)-conjugate, are also SO 2n (k)-conjugate. Therefore, the argument used for the sheet S ′ in type B n applies. For such an X we have
Hence the variety S ′ ∩ S w S ′ is isomorphic to a disjoint union of 4 affine lines.
D n for n odd
Let n = 2h + 1. The only non-trivial sheets of spherical conjugacy classes are R, θ(R) and S ′ as follows:
where O (2 n−1 ,1 2 ) is the unique unipotent conjugacy class corresponding to the partition (2 n−1 , 1 2 ); and S ′ is the same as for n even and can be dealt with in the same way.
The sheet S ′ does not intersect R nor θ(R). On the other hand, R and θ(R) intersect in ±O (2 n−1 ,1 2 ) , hence the stratum containing them is not smooth.
Let us deal with R. The Weyl group element associated with it is w R = s ε 1 +ε 2 s ε 3 +ε 4 · · · s ε n−2 +ε n−1 = w 0 w Π for Π = {α 1 , α 3 , . . . , α n−2 }. In this case θ(w R ) = w R . Let us consider the injective morphism ι :
. Then, forẇ S as for n = 2h, we chooseẇ R := ι(ẇ S ) and we get V R = ι(V S ).
Thus, for i = 1, . . . , h and
union of the sets of matrices of the form
with x i ∈ k for i = 1, . . . , h, ζ ∈ k * and E, D as for n = 2h. A matrix x(E, D, ζ) lies in S only if there exists λ ∈ k * such that rk(x(E, D) − λI) ≤ n. This is possible only if D = (λ + λ −1 )I and ζ = λ ±1 . Conversely, if this is the case, a direct verification, making use of the computations for n = 2h and the sheet S, shows that x(E, (λ + λ −1 )I, ζ) lies in R if ζ = λ and it lies in θ(R) otherwise. Thus, set theoretically, R ∩ S w R is a disjoint union of 2 h affine lines. We conclude as in the previous cases.
Exceptional groups
There are no non-trivial sheets of spherical conjugacy classes in types E 8 , F 4 , and G 2 , so strata of spherical conjugacy classes consists of finitely many classes, hence they are smooth. Let us analyze the cases for G of type E 6 or E 7 . E 6 Let ω ∈ k be a primitive fourth root of 1 and let ζ be a primitive third root of
) and let O 2A 1 be the unipotent conjugacy class in G of type 2A 1 . Then the only non-trivial sheet containing spherical classes is
By [4, Theorem 3.6], if a = b then p 2,a is not conjugate to p 2,b .
In this case, w S = w 0 w Π for Π = {α 3 , α 4 , α 5 }, so w S = s β s γ where β = α 1 + 2α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 is the highest root and γ = α 1 + α 3 + α 4 + α 5 + α 6 is the highest root in Φ ∩ β ⊥ = Φ ∩ {α 1 , α 3 , α 4 , α 5 , α 6 }.
We compute the set theoretical intersection S ∩ S w S by detecting O ∩ S w S for each orbit in S.
Let us use a parametrization x ±α (ξ) of the root subgroups X ±α , for α ∈ {β, γ} and ξ ∈ k, satisfying x α (1)x −α (−1)x α (1) = n α , with n α com-muting with roots subgroups associated with roots in ±Π. We choosė w S := n β n γ .
We first consider O a = G · p 2,a for a
Conjugation of z a by h β (b)h γ (c) gives:
We analyze now the orbits in
lies in p 2,ζ l O 2A 1 ∩ S w S . All other elements in this set are obtained by Γ w Sconjugation: By Remark 4.3 S ∩ S w is the union of two disjoint irreducible components, each isomorphic to the image of the curve x 3 = y 2 , for x, y = 0, through the morphism (x, y) → (x −1 , xy −1 , x 2 y −1 , x, y(x −3 + 1)). is the only non-trivial sheet containing spherical classes. Here, w S = w 0 w Π for Π = {α 2 , α 3 , α 4 , α 5 } so w s = s β s γ s 7 for β = 2α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 the highest root and γ = α 2 + α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 the highest root in Φ ∩ β ⊥ . We chooseẇ S := n β n γ n α 7 and we will argue as we did for E 6 .
Let us first consider O a = G · q 3,a for a 2 = 0, 1. Since β(q 3,a ) = γ(q 3,a ) = α(q 3,a ) = a 2 we have, for x = Conjugation of z a by h β (b)h γ (c)h α 7 (d) gives:
which depends on a, b 2 , c 2 , d 2 , for c 2 = ±b 2 = ±d 2 = ±a. As all elements in w S T w S U w S ∩O a form a single orbit for the group Γ w S = h β (ω), h γ (ω), h α 7 (ω) , we have Let us now consider the orbits in Z(G)O 3A ′′
1
. We recall that Z(G) = q 2,−1 . The class O 3A 1 is represented by u = x −β (−1)x −γ (−1)x −α 7 (−1), so, for ξ = ±1, the element y ξ := x γ (1)x β (1)x α 7 (1)q 3,ξ ux α 7 (−1)x β (−1)x γ (−1) =ẇ S q 2,ξ x β (−2)x γ (−2)x α 7 (−2) ∈ q 3,ξ O 3A ′′ 1 ∩ S w S .
All other elements in this set are obtained by Γ w S -conjugation:
.
We conclude that 
